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Abstract
In this article, we prove that the full automorphism group of the Z2-orbifold of the
Barnes-Wall lattice vertex operator algebra of central charge 32 has the shape 227.E6(2).
In order to identify the group structure, we introduce a graph structure on the Griess
algebra and show that it is a rank 3 graph associated to E6(2).
Introduction
The automorphism group of a vertex operator algebra (VOA) relates to many areas in math-
ematics. For example, the automorphism group of the moonshine VOA is the Monster simple
group, and this realization plays important roles in the moonshine phenomena, an amazing
relation between group theory, VOA theory and number theory ([Bo92]). Hence it has been an
important problem to determine the automorphism group of a VOA.
One of the standard methods of determining the automorphism group AutV of a VOA V
is to restrict its action to the non-trivial lowest weight subspace. If the weight 1 subspace V1 is
non-zero, then Aut V can be studied by using the Lie algebra structure on V1. If the weight 1
subspace is zero, then the weight 2 subspace V2 forms a commutative (non-associative) algebra,
called the Griess algebra. Indeed, the automorphism groups of some VOAs were calculated by
using the Griess algebras ([DG98, DG05, FLM88, Gr98, MM00, LSY07]). However, in general,
it is difficult to determine the automorphism group of the Griess algebra.
The Barnes-Wall lattices BW2n of rank 2
n are even lattices in R2
n
([BW59]). They have
remarkable automorphism groups of shape 21+2n+ .Ω
+(2n, 2) if n ≥ 4, and play important roles
in lattice theory, such as sphere packings (cf. [CS99]). Since there are many analogues between
lattice theory and VOA theory, it is believed that VOAs with large symmetry can be obtained
from Barnes-Wall lattices; indeed, the VOAs V +√
2BW8
and V +BW16 are such examples ([Sh04, Sh06,
Ho¨08]). The next example would be the holomorphic VOA V˜BW32 of central charge 32 obtained
as the Z2-orbifold of the lattice VOA VBW32 ; in [Mi04, Mi], an infinite series of holomorphic
framed VOAs with finite automorphism groups are constructed, and V˜BW32 turns out to be the
VOA next to the moonshine VOA.
∗The author was partially supported by JSPS KAKENHI Grant Numbers 18740001, 20549004, 23540013.
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The automorphism group of the lattice VOA VL associated to even lattice L was determined
in [DN99] as N(VL) ·O(Lˆ), where N(VL) = 〈exp(a0) | a ∈ (VL)1〉 and O(Lˆ) is the automorphism
group of the central extension Lˆ of L by Z/2Z. On the other hand, the automorphism group
of the Z2-orbifold V˜L has not been well studied except for the moonshine VOA (cf. [FLM88]).
The main theorem of this article is the following:
Theorem 2.30. Let V˜BW32 be the Z2-orbifold of the lattice VOA associated to the Barnes-Wall
lattice BW32 of rank 32. Then its automorphism group has the shape 2
27.E6(2).
Note that this theorem was conjectured by Griess in a workshop held on July 2004 at
Edinburgh.
Let us provide two related topics, VOAs of class Sn and trace functions.
A VOA is said to be of class Sn if its trivial component with respect to the full automor-
phism group coincides with the subVOA generated by the conformal element up to weight n
([Ma01]). This is a sufficient condition that all homogeneous subspaces are conformal n-designs,
introduced in [Ho¨08]; the notion of conformal designs based on VOAs is a natural analogue of
the notion of block and spherical designs based on binary codes and lattices, respectively. Al-
though the VOAs of class S6 with V1 6= 0 are classified in [Ho¨08], few candidates of VOAs of
class S6 with V1 = 0 are known ([Ma01, Ho¨08]); V˜BW32 is one of them ([Ho¨08, Example 3.2]).
For a VOA V = ⊕∞i=0Vi and g ∈ Aut V , a trace function is given by Tg(q) =
∑∞
i=0Tr(g|Vi)q
i−c/24.
For example, trace functions for the moonshine VOA provide a correspondence between the
conjugacy classes of the Monster simple group and certain modular functions ([Bo92]). Hence,
it would be an interesting problem to study similar phenomena on trace functions for V˜BW32
and its automorphism group of shape 227.E6(2); notice that T1(q) is just the graded dimension
and T1(q) =
3
√
j(j − 992), where 3√j = q−1/3(1 + 248q + 4124q2 + . . . ) (cf. [Ho¨95]).
Let G be the automorphism group of V˜BW32 . The proof of the main theorem is divided into
three steps:
(i) Construct an elementary abelian 2-subgroup A of G of order 227;
(ii) Prove that NG(A)/A is isomorphic to E6(2), where NG(A) is the normalizer of A in G;
(iii) Prove that A is normal in G.
Let us explain these steps in more detail.
(i) Set V = V˜BW32 and U = V
+
BW16
. By the description of BW32 as an overlattice of
BW16 ⊕ BW16 in [Gr05], V contains U⊗2 as a subVOA such that as U⊗2-modules,
V ∼=
⊕
[M ]∈S
M⊗2,
where S is the set of all isomorphism classes of irreducible U -modules. Since S forms an
elementary abelian 2-group of order 210 under the fusion rules ([AD04, ADL05, Sh04]), V is
a simple current extension of U⊗2 graded by S. Hence the dual S∗ of S acts on V as an
automorphism group. By [Sh04, Theorem 3.3] the restriction group homomorphism
ρ : NG(S
∗)→ {g ∈ AutU⊗2 | {g ◦ (M⊗2) |M ∈ S} = {M⊗2 |M ∈ S}}
is surjective and its kernel is identical to S∗, where NG(S∗) is the normalizer of S∗ in G;
the image of ρ is described by AutU⊗2 ∼= AutU ≀ Z2 ([Sh11]) and the description of the
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action of AutU on S in [Sh04]. Let us consider the subgroup A of G generated by S∗ and
ρ−1(〈∆(O2(AutU)), τU 〉), where ∆(O2(AutU)) is the subgroup {(h, h) | h ∈ O2(AutU)} of
AutU ≀ Z2 and τU ∈ AutU⊗2 sends x ⊗ y to y ⊗ x; one can see that A is abelian, of order
227 and normal in NG(S
∗). We view A as a subgroup of CG(z), where z is the involution in G
associated to the Z2-grading V = V
+
BW32
⊕ V T,+BW32 . By using the explicit description of CG(z) in
terms of Aut V +BW32 ([FLM88]), we prove that A is normal in CG(z) and that A is elementary
abelian.
(ii) By the arguments in (i), NG(A) contains both CG(z) and NG(S
∗). In order to identify
the structure of NG(A), we consider its action on the graph Γ defined as follows: the vertex set
V Γ is the set of eigenspaces of A in the orthogonal complement B of the conformal element in
V2, and two distinct vertices B1 and B2 are adjacent if there exist xi ∈ Bi such that x1 ·x2 6= 0,
where · is the product in V2; NG(A)/A acts on this graph as an automorphism group. By the
action of NG(S
∗) and CG(z) on B, B is an irreducible module for NG(A). Hence NG(A)/A acts
transitively on V Γ. For the irreducible character µ ∈ A∗ specified in (2.5), we show that the
dimension of the eigenspace Bµ with character µ is 1 and its stabilizer in NG(A)/A is identical
to NG(S
∗)/A. Moreover, we determine the vertices adjacent to Bµ. Hence, the cardinality of
V Γ is equal to dimB(= 139503), the valency is 4590, and the stabilizer of a vertex in NG(A)/A
is isomorphic to NG(S
∗)/A. In addition, we also prove in Proposition 2.20 that the action of
NG(A)/A on V Γ is rank 3. According to the classification of primitive permutation groups of
rank 3 ([Li87] and references therein), NG(A)/A must be E6(2).
(iii) Since V is finitely generated, G is algebraic ([DG02]). By an argument similar to
[Ti84], G is discrete, and hence G is finite. Using finite group theory, we prove that A is
normal in G (Proposition 2.29); remark that the classification of finite simple groups is used
to prove the following: there are no finite simple groups K with an involution t such that
CK(t) ∼= 21+32.210.Ω+(10, 2).
The organization of this article is as follows: In §1, we recall and give some definitions and
facts necessary in this article, including a review of V +BW16 in §1.5. In §2.1 and §2.2, we discuss
the structure of two subgroups CG(z) and NG(S
∗) of G and their actions on B, respectively. In
§2.3, we construct an elementary abelian 2-subgroup A of order 227, which is a normal subgroup
of both CG(z) and NG(S
∗). In §2.4, we introduce a graph Γ, and in §2.5, we study its structure
and the action of NG(A)/A on it. In §2.6, we prove that the action of NG(A)/A on Γ is rank 3,
and in §2.7 we review the classification of permutation groups of rank 3 and identify NG(A)/A.
In §2.8, we prove that A is normal in G.
Notations
1V the vacuum vector of a VOA V .
2n an elementary abelian 2-group of order 2n.
21+2m+ an extraspecial 2-group of order 2
1+2m of plus type.
A the elementary abelian 2-subgroup of AutV defined in (2.4).
A∗ the set of all irreducible characters of A.
AutX the automorphism group of X, where X is a lattice, a graph, or a VOA.
BW2n the Barnes-Wall lattice of rank 2
n.
B the orthogonal complement of the conformal element ωV in the Griess algebra V2.
Bχ the eigenspace of A in B with character χ.
C the subgroup of AutU which acts trivially on S, and in fact, C = O2(AutU).
CH(K) the centralizer of K in a group H.
∆(H) the subgroup {(h, h) ∈ H ×H | h ∈ H} of H ≀ Z2.
G the automorphism group of V = V˜BW32 in Section 2.
3
Γ the graph associated to B and A (see Definition 2.12).
η the canonical group homomorphism from O(Lˆ) to AutL/〈−1〉 defined in (1.6).
L∗ the dual lattice of L.
L(n) the subset {a ∈ L | 〈a, a〉 = n} of a lattice L.
[M ] the isomorphism class of a module M for a VOA.
NH(K) the normalizer of a subgroup K in a group H.
O2(H) the maximal normal 2-subgroup of a group H.
O(Lˆ) the automorphism group of the central extension Lˆ of L by Z/2Z
ρ the restriction group homomorphism from NG(S
∗) to AutU⊗2 defined in (2.2).
S = R(U) the set of all isomorphism classes of irreducible U -modules for the VOA U .
S∗ the subgroup of AutV induced from the dual group of S.
θ an involution in O(Lˆ) whose image under the map O(Lˆ)→ AutL is −1
ωV the conformal element of a VOA V .
U , V U = V +BW16 and V = V˜BW32 in Section 2.
V Γ the set of all vertices in a graph Γ.
V +L the subVOA of the lattice VOA VL fixed by θ.
V˜L the Z2-orbifold of the holomorphic lattice VOA VL associated to θ.
ν the canonical group homomorphism from CAut V˜L(z) to AutV
+
L defined in (1.8).
µ the irreducible character of A defined in (2.5).
X.Y a group extension with normal subgroup X and quotient Y .
z the automorphism of V˜L which acts by 1 and −1 on V +L and V T,+L , respectively.
Z2 a cyclic group of order 2.
Z(H) the center of a group H.
Ω+(10, 2) the simple normal subgroup of the orthogonal group O+(10, 2) of degree 10 over F2.
1 Preliminaries
In this section, we recall or give some definitions and facts necessary in this article.
1.1 Barnes-Wall lattices
In this subsection, we review the Barnes-Wall lattices of rank 16 and 32 (cf. [BW59, CS99,
Gr05]).
Let us start by recalling an explicit construction of the Barnes-Wall lattice BW16 of rank
16. Let α1, α2, . . . , α16 be an orthogonal basis of R
16 of (squared) norm 2. Let RM(1, 4) denote
the first order Reed-Muller code of length 16, that is, RM(1, 4) is a 5-dimensional subspace of
F162 spanned by (1
16), ((10)8), ((1100)4), (14041404), and (1808). For an element c = (ci) ∈ F162 ,
set αc =
∑16
i=1 ciαi, where we view ci as an element in {0, 1}. Then
BW16 ∼=
∑
1≤i,j≤16
Z(αi + αj) +
∑
c∈RM(1,4)
Z
αc
2
. (1.1)
Notice that BW∗16/BW16 ∼= 28 and AutBW16 ∼= 21+8+ .Ω+(8, 2) (cf. [CS99, §10 in Chapter 4]).
Let BW32 denote the Barnes-Wall lattice of rank 32. It is well known that BW32 is even
and unimodular, it is generated by vectors of norm 4 and AutBW32 is of shape 2
1+10
+ .Ω
+(10, 2)
(cf. [Gr05] and references therein). In [Gr05, Definition 6.2], BW32 was constructed from BW16
as follows:
BW32 ∼= BW16 ⊕ BW16 + {(v, v) ∈ R32 | v ∈ BW∗16}, (1.2)
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where BW∗16 is the dual lattice of BW16. Under the isomorphism (1.2), the sublattice BW32[1]
of BW32 was defined in [Gr05, Definition 6.2 and Lemma 7.6] by
BW32[1] ∼= 2BW∗16 ⊕ 2BW∗16 + {(v, v) ∈ R32 | v ∈ BW16}. (1.3)
It follows from
√
2BW∗16 ∼= BW16 that BW32[1] ∼=
√
2BW32. Hence BW32/BW32[1] ∼= 216. By
[Gr05, Corollary 6.5], AutBW32 acts on BW32[1] as AutBW32[1]. By the same procedure, we
obtain the sublattice (BW32[1])[1] of BW32[1]; clearly (BW32[1])[1] = 2BW32.
Lemma 1.1. (cf. [Gr05, Corollary 6.5 and Lemmas 7.6 and 7.13]) The automorphism group of
BW32 preserves BW32[1], and the subgroup of AutBW32 which acts trivially on BW32[1]/2BW32
is O2(AutBW32) ∼= 21+10+ . Moreover, BW32/BW32[1] and BW32[1]/2BW32 are irreducible mod-
ules over F2 for AutBW32.
The following lemma can be proved by the explicit construction of irreducible modules for
extraspecial 2-groups of plus type (cf. [FLM88, §5.5]).
Lemma 1.2. Let H ∼= 21+2m+ and let W be a 2m-dimensional irreducible H-module over C on
which the central element of H acts by −1. Then W ⊗C W is a 22m-dimensional irreducible
H ∗H-module by the natural action (g, h) : v⊗w 7→ g(v)⊗h(w), where ∗ is the central product
and H ∗H ∼= 21+4m+ .
Later, we will apply this lemma to the 24-dimensional irreducible module C ⊗Z BW16 for
O2(AutBW16) ∼= 21+8+ .
1.2 Vertex operator algebras and modules
In this subsection, we recall the notion of vertex operator algebras (VOAs) and modules from
[Bo86, FLM88, FHL93]. Throughout this article, the ground field is C if not otherwise stated.
A vertex operator algebra (VOA) (V, Y, 1V , ωV ) is a Z≥0-graded vector space V =
⊕
m∈Z≥0 Vm
equipped with a linear map
Y (a, z) =
∑
i∈Z
a(i)z
−i−1 ∈ (EndV )[[z, z−1]], a ∈ V,
the vacuum vector 1V and the conformal element ωV satisfying a number of conditions ([Bo86,
FLM88]). We often denote it by V or (V, Y ) simply.
Two VOAs (V, Y, 1V , ωV ) and (V
′, Y ′, 1V ′, ωV ′) are said to be isomorphic if there exists a
linear isomorphism g from V to V ′ satisfying
gωV = ωV ′ and gY (v, z) = Y
′(gv, z)g for ∀v ∈ V.
When V = V ′, such an isomorphism is called an automorphism. The group of all automorphisms
of V is called the automorphism group of V and is denoted by Aut V .
A vertex operator subalgebra (or a subVOA) is a graded subspace of V which has a structure
of a VOA such that the operations and its grading agree with the restriction of those of V and
that they share the vacuum vector. When they also share the conformal element ωV , we will
call it a full subVOA.
An (ordinary) module (M,YM) for a VOA V is a C-graded vector space M =
⊕
m∈CMm
equipped with a linear map
YM(a, z) =
∑
i∈Z
a(i)z
−i−1 ∈ (End M)[[z, z−1]], a ∈ V
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satisfying a number of conditions ([FHL93]). We often denote it by M and its isomorphism
class by [M ]. The weight of a homogeneous vector v ∈ Mk is k. If M is irreducible then there
exists the lowest weight h ∈ C of M such that M =⊕m∈Z≥0 Mh+m and Mh 6= 0.
A VOA is said to be simple if V is irreducible as a V -module. A VOA is said to be rational
if any (admissible) module is completely reducible. A rational VOA is said to be holomorphic
if itself is the only irreducible module up to isomorphism. A VOA is said to be of CFT type
if V0 = C1V , and is said to be C2-cofinite if dimV/SpanC{u(−2)v | u, v ∈ V } < ∞. Let R(V )
denote the set of all isomorphism classes of irreducible V -modules.
Let Ma and Mb be modules for a simple, rational and C2-cofinite VOA V of CFT type.
Then, up to isomorphism, there exists a module Ma ⊠V Mb for V satisfying some conditions,
called the fusion product (cf. [HL95]). Note that Ma ⊠V Mb is uniquely determined by the
isomorphism classes of Ma and Mb, up to isomorphism, and that its V -module structure is
described by the fusion rules (cf. [FHL93]).
Let M = (M,YM) be a module for a VOA V . For g ∈ AutV , let g ◦M = (M,Yg◦M) denote
the V -module defined by Yg◦M(v, z) = YM(g−1v, z). Note that if M is irreducible then so is
g ◦M and that if Ma ∼= Mb then g ◦Ma ∼= g ◦Mb. Hence Aut V acts on R(V ). Since this action
preserves the fusion rules (cf. [Sh11, Lemma 1.3]), it also does the fusion product.
Let V =
⊕∞
i=0 Vi be a VOA such that V0 = C1V and V1 = 0. Consider the first non-trivial
subspace V2 and set
a · b = a(1)b, (a, b)1V = a(3)b, for a, b ∈ V2.
Then · is a commutative (non-associative) product and (, ) is an invariant bilinear form. The
space V2 equipped with them is called the Griess algebra of V . Since Aut V fixes ωV and
preserves (, ), it also acts on ω⊥V = {v ∈ V2 | (v, ωV ) = 0}.
1.3 Simple currents and simple current extensions
In this subsection, we recall the notion of simple currents and simple current extensions.
Let V (0) be a simple, rational and C2-cofinite VOA of CFT type. An irreducible V (0)-
module Ma is called a simple current if for any irreducible V (0)-module Mb, there exists a
unique irreducible V (0)-module Mc satisfying Ma ⊠V (0) Mb ∼= Mc, up to isomorphism. Let
{V (α) | α ∈ D} be a set of inequivalent irreducible V (0)-modules indexed by an abelian group
D. A simple VOA V =
⊕
α∈D V (α) is called a simple current extension of V (0) if it carries a
D-grading and every V (α) is a simple current. Note that V (α)⊠V (0) V (β) ∼= V (α+ β).
Proposition 1.3. ([DM04, Proposition 5.3]) Let V (0) be a simple, rational and C2-cofinite
VOA of CFT type and let V =
⊕
α∈D V (α) and V˜ =
⊕
α∈D V˜ (α) be simple current extensions
of V (0) = V˜ (0). If V (α) ∼= V˜ (α) as V (0)-modules for all α ∈ D, then V and V˜ are isomorphic.
By the D-grading of a simple current extension V =
⊕
α∈D V (α) of V (0), the group D
∗
consisting of irreducible characters of D acts on V as an automorphism group; χ ∈ D∗ acts
on V (α) by the scalar multiplication χ(α) for each α ∈ D. The normalizer of D∗ in Aut V is
describe as follows:
Proposition 1.4. ([Sh04, Theorem 3.3]) The restriction homomorphism
NAut V (D
∗)→
{
g ∈ Aut V (0)
∣∣∣∣ {g ◦ [V (α)] | α ∈ D} = {[V (α)] | α ∈ D}
}
(1.4)
is surjective, and its kernel is D∗.
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Lemma 1.5. Let V be a simple current extension of V (0). Then NAutV (D
∗) = {g ∈ Aut V |
g(V (0)) = V (0)}.
Proof. Since V (0) is the subVOA of V fixed byD∗, NAutV (D∗) preserves V (0). Let g ∈ Aut V
with g(V (0)) = V (0). Since V is a simple current extension of V (0), the multiplicity of any
irreducible V (0)-submodule of V is 1. Hence g permutes irreducible V (0)-submodules of V ,
and thus g ∈ NAut V (D∗).
1.4 Lattice VOA and the Z2-orbifold
Let L be an even lattice of rank n and let VL denote the lattice VOA associated with L ([Bo86,
FLM88]). Let Lˆ be the central extension of L by {±1} ∼= Z/2Z with commutator relation
[eα, eβ] = (−1)〈α,β〉. The automorphism group O(Lˆ) of Lˆ is described as follows ([FLM88,
Proposition 5.4.1])
1→ HomZ(L,Z2)→ O(Lˆ) γ→ AutL→ 1; (1.5)
notice that O(Lˆ) acts on VL as an automorphism group ([FLM88, DN99]). We often call
g ∈ O(Lˆ) a lift of h ∈ AutL if γ(g) = h. Let θ ∈ γ−1(−1), a lift of −1 ∈ AutL. Let V +L
denote the subspace of VL fixed by θ; it is a simple VOA of CFT type of central charge n; notice
that the VOA structure of V +L is independent of the choice of θ up to isomorphism ([DGH98,
Corollary D.7]). Clearly, O(Lˆ)/〈θ〉 ⊂ Aut V +L and
1→ HomZ(L,Z2)→ O(Lˆ)/〈θ〉 η→ AutL/〈−1〉 → 1 (1.6)
is exact. Indeed HomZ(L,Z2) is a subgroup of Aut VL which commute with θ. The explicit
action of HomZ(L,Z2) on VL shows the following lemma (cf. [FLM88, §10.4]):
Lemma 1.6. Let f ∈ HomZ(L,Z2) ⊂ Aut VL. Then the following hold:
(1) f acts trivially on the subspace {h(−1)1V | h ∈ C⊗Z L}(∼= C⊗Z L) of (VL)1;
(2) The subspace of V +L fixed by f is V
+
N , where N = {v ∈ L | f(v) = 0}.
We often identify HomZ(L,Z2) with L
∗/2L∗ as follows:
L∗/2L∗ → HomZ(L,Z2), v + 2L∗ 7→ 〈v, ·〉, (1.7)
where 〈, 〉 is the inner product on R⊗Z L.
Assume that L is unimodular, that is, the dual lattice L∗ of L is identical to L. Then VL is
holomorphic ([Do93]). By [DLM00, Theorem 1.2], VL possesses a unique irreducible θ-twisted
module V TL , up to isomorphism. It follows from the explicit construction of an irreducible θ-
twisted module in [FLM88, Chapter 9] that the weights of V TL are half-integers. Let V
T,+
L be
the subspace of V TL with integral weights; it is an irreducible module for V
+
L . Set
V˜L = V
+
L ⊕ V T,+L .
It is well known that V˜L has a unique holomorphic VOA structure by extending its V
+
L -module
structure (cf. [FLM88, DGM96]). Note that the central charge of V˜L is n. The VOA V˜L is often
called the Z2-orbifold
1 of VL associated to θ. It is known that V˜L is simple and of CFT type
and that it is a simple current extension of V +L graded by Z2 (cf. [ADL05]). Note that if n ≥ 24
and the minimum norm of L is greater than or equal to 4, then (V˜L)1 = 0.
1In some literature, V +
L
is called the Z2-orbifold of VL associated to θ.
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Let z denote the automorphism of V˜L which acts by 1 and −1 on V +L and V T,+L respectively.
Since V is a simple current extension of V +L , we have z ∈ Aut V˜L. By Proposition 1.4 we obtain
the exact sequence
1→ 〈z〉 → CAut V˜L(z)
ν→ Aut V +L → 1. (1.8)
Notice that Aut V +L = O(Lˆ)/〈θ〉 ([Sh04, Theorem 4.1]) and ν−1(HomZ(L,Z2)) ∼= 21+n+ (cf.
[FLM88, §10.4]) for even unimodular lattice L of rank n.
Assume that L(2) = ∅ and L = 〈L(4)〉Z; by the same argument as in [FLM88, Proposition
12.2.5], we can show that V +L is generated by the weight 2 subspaces as a VOA. We also assume
that the rank of L is 24 or 32; the lowest weight of V T,+L is 2. The irreducibility of V
T,+
L shows
the following:
Lemma 1.7. Let L be an even unimodular lattice of rank 24 or 32. Assume L(2) = ∅ and
L = 〈L(4)〉Z. Then the VOA V˜L is generated by the weight 2 subspace (V˜L)2 as a VOA.
1.5 VOA associated to the Barnes-Wall lattice of rank 16
In this subsection, we review properties of the VOA U = V +BW16 .
By (1.1) BW16 has an orthogonal basis of norm 4; U is a framed VOA. By [DGH98], U is
rational and C2-cofinite. Since BW16 is generated by norm 4 vectors, U is also generated by
the weight 2 subspace of U as a VOA. It follows from BW16(2) = ∅ that U1 = 0.
Let S denote the set R(U) of all isomorphism classes of irreducible U -modules. By the
determination of R(V +L ) in [AD04], we have |S| = 210. Moreover, by the fusion rules of V +L
([ADL05]), any irreducible U -module is a simple current, and S becomes an elementary abelian
2-group of order 210 under the fusion product. We view S as a 10-dimensional vector space
over F2.
Let qU : S → F2 be the map defined by setting qU([M ]) = 1 if M is (1/2 + Z)-graded, and
qU([M ]) = 0 if M is Z-graded; notice that for [M ] ∈ S, the lowest weight of M is 0, 1, 3/2
if [M ] is zero, non-zero singular, non-singular, respectively. It was shown in [Sh04, Theorem
3.8] that qU is an AutU -invariant non-singular quadratic form on S of plus type; there exists
a natural group homomorphism from AutU to the orthogonal group O(S, qU); its kernel C is
an elementary abelian 2-group of order 216, and its image is the simple subgroup Ω+(10, 2) of
O(S, qU) of index 2 ([Sh04, Theorem 4.8]); AutU ∼= 216.Ω+(10, 2) and C = O2(AutU). Since
C acts trivially on S and O(B̂W16)/〈θ〉 is the stabilizer of [V −L ] ([Sh04, Propositions 2.8 and
3.10]), C is a subgroup of O(B̂W16)/〈θ〉. By [Sh04, §4.3], the image η(C) and kernel of η|C in
(1.6) are described as follows:
C ∩Ker η = {f ∈ HomZ(BW16,Z2) | f(2BW∗16) = 0} ∼= 28, (1.9)
η(C) = O2(AutBW16)/〈−1〉 ∼= 28. (1.10)
By the same argument as in [Sh11, Proposition 4.16], we have AutU⊗2 ∼= AutU ≀ Z2.
Let us consider the action of AutU on ω⊥U . The orthogonal complement ω
⊥
U of the conformal
element ωU in U2 is a direct sum of S
2(C⊗Z BW16) ∩ ω⊥U and the subspace
∑
α∈BW16(4)C(e
α +
θ(eα)) of the group algebra C[BW16] as a vector space, where S
2(·) is the symmetric tensor and
BW16(4) = {v ∈ BW16 | 〈v, v〉 = 4}. By
dimS2(C⊗ZBW16)∩ω⊥U = 16+
(
16
2
)
−1 = 135, dim
∑
α∈BW16(4)
C(eα+θ(eα)) =
|BW16(4)|
2
= 2160,
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we have dimω⊥U = 2295. By a similar argument as in [FLM88, Remark 10.4.13], these two
subspaces are irreducible for O(B̂W16)/〈θ〉. By [FLM88, Chapter 11] (cf. [Sh04, §2.3]) U has
an extra automorphism not preserving them. Hence ω⊥U is irreducible for AutU .
Let (ω⊥U )
C = {v ∈ ω⊥U | g(v) = v for all g ∈ C}. Since C is normal in AutU , (ω⊥U )C is
a submodule of ω⊥U for AutU . Since the action of C on ω
⊥
U is not trivial on ω
⊥
U and ω
⊥
U is
irreducible for AutU , we have (ω⊥U )
C = 0, that is, the subspace of U2 fixed by C is CωU .
Ising vectors, vectors in the weight 2 subspace of a VOA generating a simple Virasoro VOA
L(1/2, 0) of central charge 1/2 as a subVOA, are classified for V +L with L(2) = ∅ in [Sh12] as
follows: any Ising vector has a form ω±(α) or ω(E,ϕ), where α ∈ L(4), E is a sublattice of L
isomorphic to
√
2E8 and ϕ ∈ HomZ(E,Z/2Z). For an Ising vector e, the automorphism τe of a
VOA , called the τ -involution, is introduced in [Mi96].
Let I be the set of all Ising vectors in U . Let us show that the normal subgroup N = 〈τe |
e ∈ I〉 is identical to O2(AutU). Let I1 (resp. I2) be the set of all Ising vectors in U of form
ω±(α) (resp. ω(E,ϕ)); by the classification in [Sh12] I = I1 ∪ I2. By AutU ∼= 216.Ω+(10, 2)
and N 6= {1}, N must be O2(AutU) or AutU . One can easily see that if e = ω±(α), then
τe ∈ C ∩Ker η ⊂ O2(AutU) (cf. (1.9)). Hence it suffices to show that AutU is transitive on I.
The transitivity of O(B̂W16)/〈θ〉 on I1 follows from that of AutBW16 on the set of norm
4 vectors in BW16. Let us consider the action of O(B̂W16)/〈θ〉 on I2. Let E be a sublattice
of BW16 isomorphic to
√
2E8 and ϕ ∈ HomZ(E,Z2). Since a basis of E is contained in one of
BW16, there exists ϕ˜ ∈ HomZ(BW16,Z2) such that its restriction to E is identical to ϕ; clearly
ϕ˜(ω(E, 0)) = ω(E,ϕ). By [Gr05, Theorem 12.1], AutBW16 also acts transitively on the set
of sublattices of BW16 isomorphic to
√
2E8. Thus O(B̂W16)/〈θ〉 acts transitively on I2. In
addition, U has an extra automorphism σ ([FLM88, Chapter 11]) such that σ(I1) ∩ I2 6= ∅.
Thus AutU acts transitively on I.
The following proposition is a summary of this subsection:
Proposition 1.8. (1) The VOA U is simple, rational, C2-cofinite, and of CFT type;
(2) U1 = 0, and U is generated by U2 as a VOA;
(3) (S, qU ) is a non-singular 10-dimensional quadratic space of plus type over F2. Moreover,
for [M ] ∈ S, the lowest weight of M is 0, 1, and 3/2 if [M ] is zero, non-zero singular, and
non-singular, respectively;
(4) AutU ∼= 216.Ω+(10, 2). Moreover, C = O2(AutU) satisfies (1.9) and (1.10);
(5) C is the subgroup of AutU acting on S trivially, and S is irreducible for AutU/C;
(6) AutU⊗2 ∼= AutU ≀ Z2;
(7) dimω⊥U = 2295 and ω
⊥
U is irreducible for AutU ;
(8) UC2 = {v ∈ U2 | g(v) = v for all g ∈ O2(AutU)} = CωU ;
(9) C is identical to the subgroup generated by all τ -involutions.
2 Automorphism group of the VOA V˜BW32
Throughout this section, we denote V˜BW32 , V
+
BW16
and Aut V˜BW32 by V , U and G, respectively.
Let B denote the orthogonal complement of ωV in V2.
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2.1 Centralizer of the involution associated to the Z2-grading
Let z denote the automorphism of V acting by 1 and −1 on V +BW32 and V T,+BW32 respectively. In
this subsection, we study the centralizer of z in G, and its action on B.
Recall from §1.4 that Aut V +BW32 = O(B̂W32)/〈θ〉 and ν−1(HomZ(BW32,Z2)) ∼= 21+32+ . By
AutBW32 ∼= 21+10+ .Ω+(10, 2), (1.6) and (1.8), we obtain the following proposition.
Proposition 2.1. The centralizer CG(z) in G of z has the shape 2
1+32
+ .(2
10.Ω+(10, 2)).
Note 2.2. In [Mi], the shape of CG(z) was determined by a different method.
By the similar arguments as in [FLM88, Remark 10.4.13], we obtain the following lemma.
Lemma 2.3. Under the action of CG(z), B breaks into the three irreducible submodules
B(1) := S2(C⊗Z BW32) ∩B, B(2) :=
∑
α∈BW32(4)
C(eα + θ(eα)), B(3) := T
of dimensions 527, 73440, 65536, respectively.
2.2 Normalizer of the elementary abelian 2-subgroup of order 210
Let U⊗2 be the full subVOA of V based on the embedding of BW16⊕BW16 into BW32 in (1.2),
where U ∼= V +BW16 . By (1.2) and [Sh07, Proposition 4.2], as U⊗2-modules,
V ∼=
⊕
[M ]∈S
M⊗2, (2.1)
where S = R(U) is the set of all isomorphism classes of irreducible U -modules. Since any
element in S is a simple current, V is a simple current extension of U⊗2 graded by S ∼= 210.
Let S∗ denote the dual of the group S. Then S∗ acts on V as an automorphism group. In this
subsection, we study the structure of the normalizer of S∗ in G and its action on B.
Set C = {g ∈ AutU | g◦U ∼= U ∀U ∈ S}; by Proposition 1.8 (4) and (5), C = O2(AutU) ∼=
216. Let σU denote the automorphism of U
⊗2 which sends x ⊗ y to y ⊗ x. By Proposition 1.8
(5) and (6), the stabilizer of {W ⊗ W | W ∈ S} in AutU⊗2 is (C ≀ 〈σU〉)∆(AutU), where
∆(AutU) = {(h, h) | h ∈ AutU} is the subgroup of AutU × AutU commuting with σU .
Applying Proposition 1.4 to (2.1), we obtain the following exact sequences:
1→ S∗ → NG(S∗) ρ→ (C ≀ 〈σU〉)∆(AutU)→ 1, (2.2)
1→ S∗ → CG(S∗) ρ→ (C ≀ 〈σU〉)→ 1, (2.3)
where ρ is the restriction homomorphism fromNG(S
∗) to AutU⊗2. Clearly C≀〈σU〉∩∆(AutU) =
∆(C).
Proposition 2.4. The normalizer NG(S
∗) and the centralizer CG(S∗) of S∗ in G have the
shapes 210.(216 ≀ Z2).Ω+(10, 2) and 210.(216 ≀ Z2), respectively.
Let us consider the action of NG(S
∗) on B. By Lemma 1.5, NG(S∗) preserves (U⊗2)2.
Lemma 2.5. Under the action of NG(S
∗), the subspace (U⊗2)2 ∩ B breaks into the two irre-
ducible submodules:
B(4) := C(ωU ⊗ 1U − 1U ⊗ ωU), B(5) := (ω⊥U ⊗ 1U)⊕ (1U ⊗ ω⊥U )
of dimensions 1 and 4590, respectively.
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Proof. Since NG(S
∗) preserves U⊗2 and AutU⊗2 does B(4) by Proposition 1.8 (6), B(4) is
an (irreducible) submodule for NG(S
∗). Since B(5) is the orthogonal complement of B(4) in
(U⊗2)2∩B, it is also a submodule for NG(S∗). Hence it suffices to show that B(5) is irreducible.
By Proposition 1.8 (7), B(5) is the direct sum of two irreducible modules {v⊗1U +1U ⊗v | v ∈
ω⊥U} and {v⊗ 1U − 1U ⊗ v | v ∈ ω⊥U } for ρ−1(∆(AutU)). Considering the action of ρ−1(C × 1),
we have the irreducibility of B(5) for NG(S
∗) by Proposition 1.8 (8).
Proposition 2.6. As a 〈CG(z), NG(S∗)〉-module, B is irreducible.
Proof. Let B(i) (1 ≤ i ≤ 5) be the subspaces of B given in Lemmas 2.3 and 2.5. It suffices
to show that B(1), B(2) and B(3) are not preserved by NG(S
∗).
By (U⊗2)2 ∩ B ⊂ (V +BW32)2 ∩ B = B(1)⊕ B(2) and the dimension of B(i), we have B(5) ∩
B(1) 6= 0 and B(5) ∩B(2) 6= 0. Hence B(1) and B(2) are not preserved by NG(S∗) since B(5)
is irreducible.
Let M be an irreducible U -module of twisted type with qU(M) = 0; (M ⊗M)2 ∩B(3) 6= 0.
By the transitivity of AutU/C ∼= Ω+(10, 2) on the set of non-zero singular vectors in S, there
exists g ∈ NG(S∗) such that g(M⊗2)2 ∩ (B(1)⊕ B(2)) 6= 0. This shows that NG(S∗) does not
preserve B(3).
2.3 Elementary abelian 2-subgroup of order 227
Based on the exact sequence (2.2), we consider the following subgroup of NG(S
∗):
A = ρ−1(〈∆(C), σU〉). (2.4)
It follows from S∗ = Ker ρ ∼= 210, C ∼= 216 and |σU | = 2 that |A| = 227. In this subsection, we
prove that A is elementary abelian and is normal in both NG(S
∗) and CG(z).
Let σV be an element in A with ρ(σV ) = σU . Then σ
2
V ∈ S∗; the order of σV is 2 or 4.
Later, we will show in Corollary 2.10 that the order of σV is 2.
Lemma 2.7. (1) The subgroup ρ−1(∆(C)) of A is an elementary abelian 2-group;
(2) A is abelian;
(3) A is normal in NG(S
∗).
Proof. Since S∗ acts on each U⊗2-submodule of V by a scalar and A ⊂ CG(S∗), we have
S∗ ⊂ Z(A).
Let us show (1) and (2) by describing an explicit section of ρ|A in terms of τ -involutions.
By Proposition 1.8 (9), C is generated by τ -involutions associate to Ising vectors in U . For
(c, 1) ∈ C×1 ⊂ ρ(NG(S∗)), there exists an Ising vector e ∈ U⊗1U ⊂ V such that τe|U⊗2 = (c, 1).
Set f = σV (e); f ∈ 1U ⊗ U and it is orthogonal to e in V2, which shows that τf commutes
with τe; τeτf is an involution in G and ρ(τeτf ) = (c, c); ρ
−1(c, c) is elementary abelian. For
(c′, 1) ∈ C × 1, we obtain τe′ and τf ′ by the same procedure. Since [τe, τf ′ ] = [τe′, τf ] = 1 and
[τe, τe′ ] = [τf , τf ′ ] ∈ S∗, we have [τeτf , τe′τf ′ ] = 1; ρ−1(〈(c, c), (c′, c′)〉) is elementary abelian.
Moreover, these involutions generate an elementary abelian 2-subgroup whose image under ρ is
∆(C). Hence (1) holds. It follows from σV (τeτf)σ
−1
V = τfτe = τeτf that σV ∈ Z(A); (2) holds.
Let us show (3). Since A contains S∗, it suffices to show that ρ(A) = ∆(C) × 〈σU〉 is
normal in ρ(NG(S
∗)) = (C ≀ 〈σU〉)∆(AutU) (cf. (2.2) and (2.4)). Clearly, ρ(A) is normalized by
∆(AutU), and ∆(C) commutes with C ≀ 〈σU〉. Moreover, for (c, c′) ∈ C×C, (c, c′)σU(c, c′)−1 =
(cc′, cc′)σU ∈ ρ(A). Hence ρ(A) is normal in ρ(NG(S∗)).
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Since A contains z, it is a subgroup of CG(z). In order to show that A is normal in
CG(z), we consider the structure of A in CG(z). Recall that ν : CG(z) → Aut V +BW32 and η :
Aut V +BW32 → AutBW32/〈−1〉 are defined in (1.8) and (1.6), respectively, and that Ker ν = 〈z〉,
Ker η = HomZ(BW32,Z2) ∼= 232, and Ker η ◦ ν ∼= 21+32+ .
Lemma 2.8. (1) ν(S∗) ∩Ker η = {f ∈ HomZ(BW32,Z2) | f(BW16 ⊕ BW16) = 0} ∼= 28.
(2) ν(A) ∩ Ker η = {f ∈ HomZ(BW32,Z2) | f(BW32[1]) = 0} ∼= 216, where BW32[1] is the
sublattice of BW32 given in (1.3).
(3) η ◦ ν(A) = O2(AutBW32/〈−1〉) ∼= 210.
(4) η ◦ ν(S∗) = 〈(−1, 1),−1〉/〈−1〉, where (−1, 1) is the element in AutBW32 which sends
(x, y) 7→ (−x, y) in the description (1.2) of BW32.
Proof. (1) follows from V S
∗
= U⊗2 and Lemma 1.6 (2).
Let L be the sublattice of BW32 satisfying ν(A)∩Ker η = {f ∈ HomZ(BW32,Z2) | f(L) = 0}
and 2BW32 ⊂ L. Set H = ν ◦ ρ−1(∆(C ∩HomZ(BW16,Z2)))∩Ker η. It follows from (2.4) and
ρ−1(∆(C))σV ∩Ker η = ∅ that ν(A) ∩Ker η = 〈H, ν(S∗)∩Ker η〉. By the definition of H and
(1.9), for f ∈ HomZ(BW32,Z2), f ∈ H if and only if f(v) = 0 for all v ∈ 2BW∗16 ⊕ 2BW∗16 +
{(v, v) | v ∈ BW∗16}. By (1)
L = (BW16 ⊕ BW16) ∩ (2BW∗16 ⊕ 2BW∗16 + {(v, v) | v ∈ BW∗16}) = BW32[1].
Hence by (1.3), we obtain L = BW32[1], which proves (2).
By (2) and |ν(A)| = 226, we have |η ◦ ν(A)| = 210. By Lemma 2.7 (2), ν(A) is abelian,
and hence it acts trivially on ν(A) ∩ Ker η. By (1.7) and (2), η ◦ ν(A) acts trivially on
BW32[1]/2BW32. By Lemma 1.1, η ◦ ν(A) is a subgroup of O2(AutBW32/〈−1〉) ∼= 210. Com-
paring the orders of the groups, we have (3).
By (1), the order of η ◦ ν(S∗) is 2. On the other hand, U⊗2 is the subspace of V +BW16⊕BW16
fixed by some lift of (−1, 1). Hence we have (4).
Proposition 2.9. The subgroup A is normal in CG(z).
Proof. Set Q = Ker (η ◦ν)∩A. By Lemmas 1.1 and 2.8 (2) and (1.7), Q is normal in CG(z).
Let us show that CG(Q) = A. Clearly, A ⊂ CG(Q). Since Q is maximal abelian in Ker (η ◦ ν),
we have Ker (η ◦ ν) ∩ CG(Q) = Q = Ker (η ◦ ν) ∩A.
Since CG(Q) acts trivially on ν(A) ∩ Ker η, so does η ◦ ν(CG(Q)) on BW32[1]/2BW32 by
Lemma 2.8 (2) and (1.7). By Lemmas 1.1 and 2.8 (3), η ◦ ν(CG(Q)) ⊂ η ◦ ν(A). Hence
CG(Q) ⊂ A. Thus CG(Q) = A.
Corollary 2.10. (1) The normalizer NG(A) contains both NG(S
∗) and CG(z).
(2) Under the action of NG(A), B is irreducible.
(3) The group A is an elementary abelian 2-group of order 227.
Proof. (1) follows from Lemma 2.7 (3) and Proposition 2.9, and (2) does from (1) and
Proposition 2.6. Since η◦ν(CG(z))/O2(η◦ν(CG(z))) ∼= Ω+(10, 2) acts irreducibility on η◦ν(A) ∼=
210 and η ◦ ν(σV ) 6= 1, we have σ2V = 1. Hence (3) holds by Lemma 2.7 (1).
Proposition 2.11. The subgroup A is an irreducible NG(A)/A-module over F2.
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Proof. Let A0 be a non-zero submodule of A for NG(A)/A. By Corollary 2.10 (1), both
CG(z) and NG(S
∗) preserve A0.
If η◦ν(A0) 6= 0, then by the action of CG(z) and Lemma 2.8 (3), we have η◦ν(A0) = η◦ν(A).
By the action of NG(S
∗), along with Lemma 2.8 (1) and (4), (Ker η)∩ ν(A0) 6= 0. By Lemmas
1.1 and 2.8 (2), ν(A) = ν(A0). By Ker ν = 〈z〉 ⊂ S∗, we have A0 = A.
If η◦ν(A0) = 0, then by the same argument above, we have A0∩(Ker η◦ν) = A∩(Ker η◦ν).
By the action of NG(S
∗), along with Lemma 2.8 (3) and (4), we have η ◦ ν(A0) = η ◦ ν(A), and
A0 = A.
2.4 Graph on eigenspaces in the Griess algebra
In this subsection, we define a graph on the eigenspaces of A in B = ω⊥V , which will be used to
determine the group structure of NG(A).
Let B = ⊕χ∈A∗Bχ be the eigenspace decomposition of A in B.
Definition 2.12. For non-zero distinct eigenspaces B1, B2, we say that B1 is adjacent to B2 if
there exists xi ∈ Bi (i = 1, 2) such that x1 · x2 6= 0, where · is the product in B.
Let Γ denote the graph on the vertex set V Γ = {Bχ | Bχ 6= 0} defined by Definition 2.12.
Since the product in the Griess algebra is commutative, Γ is undirected. For g ∈ NG(A),
g(Bχ) = Bχg , where χ
g(a) = χ(g−1ag) for a ∈ A; NG(A) acts on Γ as an automorphism group.
Lemma 2.13. Let I be a subset of V Γ and let H be a subgroup of NG(A) preserving I. Assume
that
⊕
Bχ∈I Bχ is irreducible for H . Then the following hold:
(1) H is transitive on I;
(2) For B1, B2 ∈ I, dimB1 = dimB2.
Proof. Let I0 be an orbit in I under the action of H . Then
⊕
Bχ∈I0 Bχ is a submodule of B
for H . By the irreducibility, we have I0 = I, and (1) holds.
For g ∈ H and Bχ ∈ V Γ, dimBχ = dimBχg . Hence (2) follows from (1).
2.5 Graph structure and the stabilizer of a vertex
In this subsection, we study the structure of the graph Γ defined in the previous subsection
and the action of NG(A)/A on it.
Let µ denote the irreducible character of A defined by
µ(a) =
{
1 if a ∈ ρ−1(∆(C)),
−1 if a ∈ ρ−1(∆(C))σV . (2.5)
Let us describe the eigenspace Bµ and its stabilizer in NG(A).
Lemma 2.14. The eigenspace Bµ is spanned by ωU ⊗ 1U − 1U ⊗ ωU , and dimBµ = 1.
Proof. Since ρ−1(∆(C)) acts on U⊗2 as a subgroup of AutU ×AutU , it fixes both ωU ⊗ 1U
and 1U⊗ωU . Moreover, σV (ωU⊗1U−1U⊗ωU) = −(ωU⊗1U−1U⊗ωU). Hence ωU⊗1U−1U⊗ωU
is an eigenvector of A with character µ.
By S∗ ⊂ ρ−1(∆(C)), Bµ ⊂ U⊗2 = {u ∈ V | g(u) = u ∀g ∈ S∗}. It follows from U0 = C1U
and U1 = 0 that (U
⊗2)2 = U2 ⊗ 1U ⊕ 1U ⊗ U2. By Proposition 1.8 (8), (U⊗2)∆(C) = C(ωU ⊗
1U)⊕ C(1U ⊗ ωU). Considering the action of σV , we obtain this lemma.
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Lemma 2.15. Let Bχ ∈ V Γ. Then the following hold:
(1) Bχ is contained in some U
⊗2-submodule of V , that is, Bχ ⊂ (M⊗2)2 for some [M ] ∈ S;
(2) Assume χ 6= µ. Then Bχ is adjacent to Bµ if and only if Bχ ⊂ (U⊗2)2 ∩B.
Proof. By S∗ ⊂ A, Bχ is an eigenspace of S∗; (1) holds.
Let us show (2). First, we assume that Bχ ⊂ (U⊗2)2 ∩B. Let x ∈ Bχ be a non-zero vector.
Then x = v ⊗ 1U + 1U ⊗ w for some v, w ∈ U2 by (U⊗2)2 = U2 ⊗ 1U ⊕ 1U ⊗ U2. By
(ωU ⊗ 1U − 1U ⊗ ωU) · x = 2(v ⊗ 1U − 1U ⊗ w) 6= 0,
Bµ and Bχ are adjacent by Lemma 2.14.
Next, we assume thatBχ ⊂ (M⊗2)2∩B andM 6= U . By Proposition 1.8 (3) and (M⊗2)2 6= 0,
the lowest weight of M is 1. Hence any vector in Bχ has a form
∑
vi ⊗ wi, vi, wi ∈M1. By
(ωU ⊗ 1U − 1U ⊗ ωU) ·
∑
vi ⊗ wi = 0,
Bµ and Bχ are not adjacent by Lemma 2.14.
Proposition 2.16. The stabilizer of Bµ in NG(A) is equal to NG(S
∗).
Proof. By Lemmas 2.5 and 2.14, NG(S
∗) is a subgroup of the stabilizer of Bµ in NG(A). Let
g ∈ NG(A) with g(Bµ) = Bµ. Let I be a subset of all vertices in V Γ adjacent to Bµ. Then g
preserves
⊕
Bχ∈I Bχ by the definition of Γ. By Lemma 2.15 (2), Bµ⊕
⊕
Bχ∈I Bχ = (U
⊗2)2 ∩B.
Hence g((U⊗2)2) = (U⊗2)2, and g(U⊗2) = U⊗2 by Proposition 1.8 (2). It follows from Lemma
1.5 that g ∈ NG(S∗).
Proposition 2.17. The subgroup of NG(A) acting trivially on V Γ is CG(A).
Proof. Clearly, CG(A) acts trivially on V Γ. Let g be an element in NG(A) acting on V Γ
trivially. Then χg = χ for all χ ∈ A∗ with Bχ 6= 0. It follows from Lemma 1.7 that A acts
faithfully on B. Hence, 〈χ ∈ Irr(A) | Bχ 6= 0〉 = A∗, and g commutes with A.
Proposition 2.18. The subgroup A of G is self-centralizing, that is, CG(A) = A.
Proof. Since A is abelian, A ⊂ CG(A). It follows from S∗ ⊂ A that CG(A) ⊂ CG(S∗). It
follows from σV ∈ A and (2.3) that ρ(CG(A)) ⊂ ∆(C)× 〈σU〉. Hence CG(A) ⊂ A by (2.4).
Recall that dimB = 139503 and dimU = 2296 (cf. Lemmas 2.3 and 2.5). Combining
Lemmas 2.13, 2.14, and 2.15 (2), Propositions 2.16, 2.17 and 2.18, we obtain the following:
Theorem 2.19. The graph Γ has 139503 vertices, and its valency is 4590. Moreover, NG(A)/A
acts transitively on the vertex set, and the stabilizer of a vertex is isomorphic to NG(S
∗)/A.
2.6 Rank 3 property of the graph for the normalizer
By Proposition 2.16, the stabilizer of Bµ is NG(S
∗)/A. In this subsection, we show that Γ is
rank 3 for NG(A)/A, that is, there are three orbits in V Γ under the action of NG(S
∗)/A.
Proposition 2.20. (1) The subgroup NG(S
∗)/A is transitive on the subset of V Γ consisting
of all vertices adjacent to Bµ.
(2) The subgroup NG(S
∗)/A is transitive on the subset of V Γ\{Bµ} consisting of all vertices
not adjacent to Bµ.
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Proof. (1) Let I be the subset of V Γ consisting of vertices adjacent to Bµ. Then
⊕
Bχ∈I Bχ
is a module for NG(S
∗). By Lemmas 2.15,
⊕
Bχ∈I Bχ = (U
⊗2)2 ∩ B, and by Lemma 2.5 it is
irreducible for NG(S
∗). Hence the transitivity of NG(S∗) on I follows from Lemma 2.13 (1).
(2) Let Bχ ∈ V Γ\{Bµ} not adjacent to Bµ. Then by Lemma 2.15 (1), Bχ ∈ (M⊗2)2 for some
[M ] ∈ S \{[U ]}. By (2.2) and (2.3), NG(S∗)/CG(S∗) ∼= Ω+(10, 2), and it is transitive on the set
of non-zero singular vectors in S = R(U) ∼= F102 . By Proposition 1.8 (3), for [M ] ∈ S \ {[U ]},
(M⊗2)2 6= 0 if and only if [M ] is non-zero singular.
Let us show that CG(S
∗) acts transitively on the set of all vertices in (M⊗2)2 forM = V
−
BW16
,
which proves (2). Since BW16 has no roots, M1 ∼= C ⊗Z BW16. Hence (M⊗2)2 = M⊗21 ∼=
(C ⊗Z BW16)⊗2 as vector spaces. By Lemma 1.6 (1) and the definition of z, Ker η ◦ ν acts
trivially on (M⊗2)2 (see (1.6) and (1.8) for ν and η). By CG(S∗) ⊂ CG(z), CG(S∗) acts on
(M⊗2)2 as η ◦ ν(CG(S∗)). By (2.3), η ◦ ν(ρ−1(C ×C)) ⊂ η ◦ ν(CG(S∗)). By (1.10) and Lemma
2.8 (4), η ◦ ν(ρ−1(C × C)) = O2(AutBW16) ∗ O2(AutBW16) ∼= 21+16+ . Recall that M1 is a 24-
dimensional irreducible module for O2(AutBW16) ∼= 21+8+ . By Lemma 1.2, M⊗21 is irreducible
for η ◦ ν(ρ−1(C × C)). Hence by Lemma 2.13 (1), CG(S∗) acts transitively on the vertices in
(M⊗2)2.
Proposition 2.20 also shows that the action ofNG(A)/A on V Γ is primitive. Hence NG(S
∗)/A
is maximal in NG(A)/A.
Theorem 2.21. The graph Γ is rank 3 for NG(A)/A. Moreover, NG(A) is generated by NG(S
∗)
and CG(z).
2.7 Shape of the normalizer
In this subsection, we determine the shape of NG(A) by using the classification of permutation
groups of rank 3.
As a corollary of Theorem 2.21, we have the following.
Corollary 2.22. The group NG(A)/A is a primitive permutation group of rank 3 of degree
139503 = 3 · 72 · 13 · 73.
Now, we recall that any primitive permutation group Q of rank 3 of finite degree n satisfies
one of the following (see [Li87] and references therein):
(i) Q is a subgroup of E0 ≀ Z2 and Q contains E × E as a normal subgroup, where E0 is a
2-transitive group of degree n0 and the socle E of E0 is a simple group, and n = n
2
0;
(ii) The socle of Q, the product of all the minimal normal subgroups of Q, is (non-abelian)
simple;
(iii) Q is an affine group, that is, the socle of Q is a vector space W , where W ∼= Zdp for some
prime p and n = pd.
By the degree, NG(A)/A satisfies (ii). Since the stabilizer in NG(A)/A of a vertex in Γ has a
shape 216 : Ω+(10, 2) and its index is 139503, the order of NG(A)/A is 2
36 ·36 ·52 ·73 ·13·17·31·73;
the socle of NG(A)/A is isomorphic to neither an alternating group nor a sporadic group (cf.
[CCNPW85]); the primitive permutation groups of rank 3 under (ii) were determined in [KL82]
when the socle is a classical group, in [LS86] when the socle is a non-classical simple group of
Lie type; NG(A)/A must be isomorphic to E6(2).
Proposition 2.23. The normalizer NG(A) has the shape 2
27.E6(2).
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By Theorem 2.21 and Proposition 2.23 (cf. [LS86]), we obtain the following corollary:
Corollary 2.24. The graph Γ is isomorphic to the rank 3 graph on E6(2)/(2
16 : Ω+(10, 2)) of
valency 4590, and its automorphism group is isomorphic to E6(2).
2.8 Full automorphism group
In this subsection, we determine the full automorphism group G of the VOA V .
First, we show the finiteness of G. The following is a modification of [Ti84, Theorem (iv)].
Proposition 2.25. Let H be an algebraic group. Assume that H contains commuting involu-
tions z1, z2 such that CH(z1), CH(z2) and CH(z1z2) are finite. Then H is finite.
Proof. Let H0 be the connected component of the identity in H. Clearly, H0 is normal in
H. Let a be an involution in H such that CH(a) is finite. Then the involution g 7→ a−1ga in
AutH0 has only finitely many fixed points. Let L(H0) be the Lie algebra of H0. Then the
canonical group homomorphism φ from Aut (H0) to Aut (L(H0)) is injective.
We now suppose that H0 6= {1}. Since CH(a) is finite, φ(a) is an involution in AutL(H0)
whose only fixed point is 0. This implies that φ(a) = −1. In particular, φ(z1) = φ(z2) =
φ(z1z2) = −1, which contradicts φ(z1)φ(z2) = φ(z1z2). Hence H0 = {1}, and H is discrete.
Therefore H is finite since it is an algebraic group.
By Proposition 2.1 CG(z) is finite. We now check that G satisfies the hypothesis of the
proposition above.
Lemma 2.26. The abelian subgroup S∗ of G contains commuting involutions z1, z2 such that
z1, z2 and z1z2 are conjugate to z. In particular, CG(z1), CG(z2) and CG(z1z2) are finite.
Proof. By the natural correspondence between S∗ and S with respect to the symplectic
form, z corresponds to the non-zero singular vector [V −BW16 ] ∈ S. The group NG(S∗) acts on
S∗ as a natural module for Ω+(10, 2) by conjugation, and it is transitive on the set of non-zero
singular vectors in S. Hence all involutions in S∗ corresponding to non-zero singular vectors in
S are conjugate to z. Since a 10-dimensional non-singular quadratic space over F2 contains a
2-dimensional totally singular subspace, we obtain this lemma.
It was shown in [DG02, Theorem 2.4] that the automorphism group of a finitely generated
VOA is an algebraic group. By Lemma 1.7, V is finitely generated, and hence G is an algebraic
group. Thus Proposition 2.25 and Lemma 2.26 imply the following:
Proposition 2.27. The automorphism group G of V is finite.
Next, we will show that A is normal in G.
Lemma 2.28. Let P be a Sylow 2-subgroup of CG(z). Then Z(P ) = 〈z〉, and P is also a
Sylow 2-subgroup of G.
Proof. It suffices to consider a specified Sylow 2-subgroup P ∼= 21+32+ .(Q1.Q2) of CG(z),
where Q1 = O2(AutBW32) and Q2 is a Sylow 2-subgroup of AutBW32/O2(AutBW32). Then
Q2 and Q1 act faithfully on Q1 and 2
1+32/〈z〉 ∼= BW32/2BW32, respectively. Hence Z(P ) ⊂
Z(21+32+ ) = 〈z〉, and Z(P ) = 〈z〉. Let P0 be a Sylow 2-subgroup of G containing P . Then
1 6= Z(P0) ⊂ Z(P ) = 〈z〉, and hence Z(P0) = Z(P ). Thus P0 ⊂ CG(z), and P0 = P .
Proposition 2.29. Let F be a minimal normal subgroup of G. Then F is abelian, and F = A.
16
Proof. Set J = F ∩NG(A). By Proposition 2.11 A is irreducible as an NG(A)-module, and
by Proposition 2.23 NG(A)/A is simple. Hence J must be {1}, A or NG(A).
First, we prove A ⊂ F . Suppose A 6⊂ F . Then J = {1} and CG(z)∩F = {1}. Let x, y ∈ F
with xzx−1 = yzy−1. Then (y−1x)z = (y−1)zxz = y−1x. By CG(z)∩F = {1}, we have y−1x = 1,
and y = x. Moreover, if x 6= 1 then xzx−1 6= 1. Hence F = {xzx−1 | x ∈ F}, and f z = f−1
for all f ∈ F . By Lemma 2.26, there exist involutions z1, z2 ∈ S∗ such that z1, z2 and z1z2 are
conjugate to z. The argument above shows that z1, z2, z1z2 induce the same automorphism of
F of order 2, which is a contradiction.
Next, we suppose that F is not abelian. Then F is a direct product of isomorphic (non-
abelian) simple groups, that is, F = Πli=1Fi, Fi
∼= Fj and Fi is simple for all i, j; A = Πli=1(A∩Fi)
by NG(A) ∩ F = A. By CN(A) = A, A ∩ Fi 6= {1} for all i. Hence NG(A)/A acts on {A ∩ Fi}
as a permutation group of degree d ≤ 27. Since NG(A)/A is simple and 73 | |E6(2)|, d must be
1; F is simple.
We consider the following cases: (1) J = A; (2) J = NG(A).
(1) Suppose J = A. By Lemma 2.28, there exists a Sylow 2-subgroup P of G such that
A ⊂ P ⊂ CG(z). Then P ∩ F = A is a Sylow 2-subgroup of F . By J = A, we have
NF (A) = CF (A) = A. By [Go80, Theorem 4.3 in Chapter 7], F has a normal complement of
A, which contradicts the simplicity of F .
(2) Suppose J = NG(A). This implies NG(A) ⊂ F . It follows from CG(z) ⊂ NG(A) that
CF (z) = CG(z). Let P be a Sylow 2-subgroup of CG(z). Then by Lemma 2.28 P is also a Sylow
2-subgroup of F . By Proposition 2.1, |P | = 263. By NG(A) ⊂ F and Proposition 2.23, |F | is
divisible by 73. We now refer the classification of finite simple groups. If F is an alternating
group, then by |P | = 263 it isomorphic to A66 or A67, which contradicts that |F | is divisible by
73. By [CCNPW85] and |P | = 263, F is not a sporadic simple group. According to [AS76] and
[GLS98, Section 4.5], CG(z) ∼= 21+32.210.Ω+(10, 2) can not be the centralizer of an involution in
any finite simple group of Lie type. Thus (2) is impossible.
Therefore F is abelian and A ⊂ F . By Proposition 2.18, A ⊂ F ⊂ CG(A) = A, and hence
F = A.
Combining Propositions 2.23 and 2.29, we obtain the following main theorem:
Theorem 2.30. The automorphism group of the Z2-orbifold VOA V˜BW32 has the shape 2
27.E6(2).
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